GENERALIZED RICCI CURVATURE BOUNDS FOR 
THREE DIMENSIONAL CONTACT SUBRIEMANNIAN 

MANIFOLDS 

ANDREI AGRACHEV AND PAUL LEE 

Abstract. Measure contraction property is one of the possible 
generalizations of Ricci curvature bound to more general metric 
measure spaces. In this paper, we discover sufficient conditions for 
a three dimensional contact subriemannian manifold to satisfy this 
property. 



1. Introduction 

In the past few years, several connections between the optimal trans- 
portation problems and curvature of Riemannian manifolds were found. 
One of them is the use of optimal transportation for an alternative def- 
inition of Ricci curvature lower bound developed in a series of papers 
[231 El EE] . Based on the ideas in these papers, a generalization of Ricci 
curvature lower bound for general metric measure spaces, called curva- 
ture dimension condition, is introduced in [T6l HZl 1231 ESI [20] . However 
the conditions are not easy to check and there is no new example. Re- 
cently the case of a Finsler manifold was studied in [21] , but the result 
is very similar to that of the Riemannian case due to strict convexity of 
the corresponding Hamiltonian. The situation changes dramatically in 
the case of a subriemannian manifold. The reason is that the class of 
metric spaces we are dealing with have Hausdorff dimensions strictly 
greater than their topological dimensions. Therefore, the interplay of 
the metrics and the measures for these spaces should be significantly 
different from that of the Riemannian or Finsler case. One particular 
case of subriemannian manifolds, the Heisenberg group, is studied in 
[12] . In this case the the space does not satisfy any curvature dimen- 
sion condition. However, it satisfies a weaker condition, a modification 
of the so called measure contraction property (see Section H] for the 
definition). 
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Measure contraction property is another generalization of Ricci cur- 
vature lower bound introduced in [25J. More precisely the following 
holds (see [25]): 

Theorem 1.1. If M is a Riemannian manifold of dimension n, then 
M satisfies the measure contraction property MCP(k,n) if and only if 
the Ricci curvature of M is bounded below by k. 

The approach used by [12] relies on the complete integrability of 
the subriemannian geodesic flow on the Heisenberg group. Because of 
this the changes in the measure along the geodesic flow can be written 
down explicitly in this case, which is not possible for subriemannian 
manifolds in general. 

The goal of this paper is to study a subriemannian version of the 
measure contraction property for all three dimensional contact subrie- 
mannian manifolds, generalizing the corresponding result in [12] . This 
study uses a subriemannian generalization of the classical Ricci curva- 
ture. This generalized curvature was introduced by the first author in 
the 90s for some special cases (including the three dimensional contact 
subriemannian structures) , and in full generality by the first author and 
I. Zelenko (see [1]). The nature of this invariant is dynamical rather 
than metrical: the generalized Ricci curvature is simplest differential 
invariant for the geodesic flow defined on the cotangent bundle T*M 
equipped with the bundle structure n : T*M — > M. The generalized 
Ricci curvature is easy to compute and we study its role in the measure 
contraction property in this paper. 

The structure of this paper is as follows. Section 1 gives several ba- 
sic notions on subriemannian geometry necessary for the present work. 
In Section 2 we recall and specialize the recent result of [HJ US] on 
the curvature type invariants of subriemannian manifolds to the three 
dimensional contact case. The explicit formulas for these invariants 
will be written down in Section 3. Section 4 contains the main the- 
orem (Theorem 14.51) which shows that if the generalized curvatures 
are bounded below by a constant, then the subriemannian manifold 
satisfies a generalized measure contraction property MCP(r; 2, 3) (see 
Definition 14.41 below). In particular, if the generalized curvatures are 
non-negative, then the subriemannian manifold satisfies the measure 
contraction property MCP(0, 5). As a consequence, these spaces sat- 
isfy the doubling property and a local Poincare inequality. In Section 
5 we specialize to the case where the contact subriemannian mani- 
folds are related to the isoperimetric problems or particles in magnetic 
fields. In this case the subriemannian manifold M is the total space 
of a principle bundle ttm : M — > N '. The base space N is a smooth 
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surface equipped with a Riemannian metric descending from the sub- 
riemannian metric of the total space M. The total space M satisfies 
the measure contraction property MCP(k; 2, 3) if the surface N has 
Gauss curvature bounded below by k (Theorem 15.11) . In particular, 
this is applicable to the two famous examples: the Heisenberg group 
and the Hopf fibration. 



In this section several basic notions in subriemannian geometry needed 
in this paper will be introduced (see [19] for more detail). Recall that a 
Riemannian manifold is a manifold M together with a fibrewise inner 
product defined on the tangent bundle TM. The length of a curve is 
defined by this inner product and the Riemannian distance between 
two points is the length of the shortest curve connecting them. For 
a subriemannian manifold the fibrewise inner product is defined on a 
family of subspaces A inside the tangent bundle TM. Therefore, the 
notion of length can only be defined for curves which are tangent to 
this family A. These curves are called horizontal curves and the sub- 
riemannian distance between two points is the length of the shortest 
horizontal curve connecting them. 

More precisely a subriemannian manifold is a triple (M, A, g), where 
M is a smooth manifold, A is a distribution (a vector subbundle A 
of the tangent bundle TM of the manifold M), and g is a fibrewise 
inner product defined on the distribution A. The inner product g is 
also called a subriemannian metric. An absolutely continuous curve 
7 : [0, 1] — > M on the manifold M is called horizontal if it is almost 
everywhere tangent to the distribution A. Using the inner product g, 
we can define the length of a horizontal curve 7 by 



Jo 

The subriemannian or Carnot-Caratheodory distance dec between 
two points x and y on the manifold M is defined by 



where the infimum is taken over all horizontal curves which start from 
x and end at y. 

The above distance function may not be well-defined since there may 
exist two points which are not connected by any horizontal curve. For 
this we assume that the distribution A is bracket generating. Before 
defining what a bracket generating distribution is, let us introduce 
several notions. Let Ax and A 2 be two distributions on a manifold 



2. Subriemannian Geometry 




(2.1) 



d C c(x,y) = inf Z(7), 
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M, and let £(Aj) be the space of all vector fields contained in the 
distribution A*. The distribution formed by the Lie brackets of the 
elements in jE(Ai) with those in X(A 2 ) is denoted by [Ai, A 2 ]. More 
precisely 

[Ai, A 2 ] x . = {[w 1 ,w 2 ](x)\w l e £(Ai)}. 

We define inductively the following distributions: [A, A] = A 2 and 
A k = [A, A fc_1 ]. A distribution A is called k-generating if A k = TM 
and the smallest such k is called the degree of nonholonomy. Finally the 
distribution is called bracket generating if it is fc-generating for some k. 

Under the bracket generating assumption, the subriemannian dis- 
tance is well-defined thanks to the following famous Chow-Rashevskii 
Theorem (see [19] for a proof): 

Theorem 2.1. ( Chow-Rashevskii) Assume that the manifold M is con- 
nected and the distribution A is bracket generating, then there is a 
horizontal curve joining any two given points. 

If A is a bracket generating distribution, then it defines a flag of 
distribution by 

A 1 := A C A 2 C ... C TM. 

If we denote the dimension of the vector space A^, by n x , then the 
growth vector of the distribution A at the point x is defined by {n l x1 n 2 , 
The distribution A is called regular if the growth vector is the same 
for all points x. The Hausdorff dimension of a subriemannian manifold 
defined by a regular distribution A is given by Yli=i ^( n i ~ n i-i)- 

As in Riemannian geometry, horizontal curves which realize the 
infimum in (12.11) are called length minimizing geodesies (or simply 
geodesies). From now on all manifolds are assumed to be complete 
with respect to a given subriemannian distance. It means that given 
any two points on the manifold, there is at least one geodesic join- 
ing them. Next we will discuss one type of geodesies called normal 
geodesies. For this let us recall several notions in the symplectic ge- 
ometry of the cotangent bundle T*M. Let 7r : T*M — > M be the 
projection map, the tautological one form 9 on T*M is defined by 

9 a (V)=a(d7r(V)), 

where a is in the cotangent bundle T*M and V is a tangent vector on 
the manifold T*M at a. 

The symplectic two form u on T*M is defined as the exterior de- 
rivative of the tautological one form: uo = d6. It is nondegenerate in 
the sense that uj(V, •) = if and only if V = 0. Given a function 
H : T*M ->Mon the cotangent bundle, the Hamiltonian vector field 
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H is defined by i ^uj = —dH. By the nondegeneracy of the symplectic 

form u, the Hamiltonian vector field H is uniquely defined. 

Given a distribution A and a subriemannian metric g on it, we can 
associate with it a Hamiltonian H on the cotangent bundle T*M. To 
do this, let a : T X M ^Rbea covector in the cotangent space T*M at 
the point x. The subriemannian metric g defines a bundle isomorphism 
/ : A* — > A between the distribution A and its dual A*. It is defined 
by 

g(I((3),-) = /?(•), 

where (3 is an element in the dual bundle A* of the distribution A. 

By restricting the domain of the covector a to the subspace A^ of 
the tangent space T X M, it defines an element, still called a, in the dual 
space A*. Therefore, 1(a) is a tangent vector contained in the space 
A x and the Hamiltonian H corresponding to the subriemannian metric 
g is defined by 

H(a) := a(I(a)) = g(I(a), 1(a)). 

Note that this construction defines the usual kinetic energy Hamilton- 
ian in the Riemannian case. 

Let H be the Hamiltonian vector field corresponding to the Hamil- 
tonian H defined above and we denote the corresponding flow by e tH . 
If t i— > e tH (a) is a trajectory of the above Hamiltonian flow, then its 
projection t \— > ^(t) = 7c(e tH (a)) is a locally minimizing geodesic. That 
means sufficiently short segment of the curve 7 is a minimizing geodesic 
between its endpoints. The minimizing geodesies obtained this way are 
called normal geodesies. In the special case where the distribution A is 
the whole tangent bundle TM, the distance function (12.1 1) is the usual 
Riemannian distance and all geodesies are normal. However, this is not 
the case for subriemannian manifolds in general. To introduce another 
class of geodesies, consider the space Q of horizontal curves with square 
integrable derivatives. The endpoint map end : Q — > M is defined by 
taking an element 7 in space of curves Q and giving the endpoint 7(1) 
of the curve: end(^) = 7(1). Geodesies which are regular points of 
the endpoint map are automatically normal and those which are crit- 
ical points are called abnormal. However, there are geodesies which 
are both normal and abnormal (see [12] and reference therein for more 
detail about abnormal geodesies). 

As an example consider a manifold M of dimension m equipped with 
a free and proper Lie group action. If G is the group, then the quotient 
N := M/G is again a manifold of dimension n and the quotient map 
ti m : M — > N defines a principal bundle with a total space M, a base 
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space N and a structure group G. The kernel of the map ditM '■ TM — > 
TN defines a distribution ver of rank m — n, called the vertical bundle. 
A Ehresmann connection is a distribution hor, called horizontal bundle, 
of rank n which is fibrewise transversal to the vertical bundle ver. 
The bundle hor is a principal bundle connection (or a connection) if 
it is preserved under the Lie group action. A subriemannian metric, 
defined on a connection hor, which is invariant under the Lie group 
action is called a metric of bundle type. This subriemannian metric 
descends to a Riemannian metric on the base space N. In this paper 
two examples will be considered. They are the Heisenberg group and 
the Hopf fibration. 

The Heisenberg group is a principal bundle with the three dimen- 
sional Euclidean space R 3 as its total space. If x, y, z are the coordi- 
nates of the total space, then the Lie group action is a R-action and 
it is given by the flow of the vector field d z . The base space of this 
principal bundle is the two dimensional Euclidean space R 2 = R 3 /R. 
The connection hor is defined by the span of the vector fields d x — \yd z 
and d y + \xd z . The subriemannian metric is defined by declaring that 
the above vector fields are orthonormal. 

The Hopf fibration is a principal S^-bundle over the two sphere S 2 
with the three sphere S 3 as the total space. For explicit formulas 
let [z\,z 2 ) be the coordinates of C 2 and let S 3 be the unit sphere 
in C 2 defined by \zi\ 2 + \z 2 \ 2 = 1. The map defined by (zi,z 2 ) i— > 
( | ^! | 2 — \z 2 1 2 , 2ziz 2 ) sends the unit sphere S 3 to the unit sphere in the 
three dimensional Euclidean space R 3 . For each point e %e in the unit 
circle, the ^-action is defined by (zi,z 2 ) \— > (e ld z x ,e %e z 2 ). The vector 
fields given by (zi,z 2 ) i— > (—z 2 ,zi) and (zi,z 2 ) i— > (iz 2 ,izi) define a 
distribution of rank 2 and a subriemannian metric on S* 3 . The subrie- 
mannian metric descends to a Riemannian metric on the 2-sphere S 2 
which is twice the usual metric induced from M. 3 . 



3. Generalized Curvatures 

In this section we recall the definition of the curvature type invari- 
ants studied in [21 IH [EH H5] and specialize it to the case of a three 
dimensional contact subriemannian manifold. First let us consider the 
following general situation. Let H : T*M — > R be a Hamiltonian 
and let H be the corresponding Hamiltonian vector field. If we de- 
note the flow of the vector field H by e tH and a point on the mani- 
fold T*M by a, then the differential de~ tl} : T etS{a) T*M -> T a T*M 
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of the map e is a symplectic transformation between the symplec- 
tic vector spaces T et g,,T*M and T a T*M. Recall that the vertical 
space V a at a of the bundle ir : T*M M is defined as the ker- 
nel of the map dir a : T Q T*M — > T^^M. Since each vertical space 
V a is a Lagrangian subspace, the one parameter family of subspaces 
t i— > J a (t) := de~ tH (V et H( a j) defines a curve of Lagrangian subspaces 
contained in the symplectic vector space T a T*M. This curve is called 
the Jacobi curve at a. In other words if the space of all Lagrangian sub- 
spaces, called Lagrangian Grassmannian, of a symplectic vector space 
E is denoted by LG(E), then the Jacobi curve above is a smooth curve 
in the Lagrangian Grassmannian LG(T a T*M). The Lagrangian Grass- 
mannian is a homogeneous space of the symplectic group, and curva- 
ture type invariants of the Hamiltonian H are simply differential in- 
variants of the Jacobi curve under the action of the symplectic group 
(see m US]). 

The construction of differential invariants for a general curve ■/(•) in 
the Lagrangian Grassmannian LCr(E) was done in the recent papers 
[TH [15], though partial results were obtained earlier (see [21 H])- A 
principal step is the construction of the canonical splitting: 

E = J(t) © J(t), 

where t i— > J(t) is another curve in the Lagrangian Grassmannian 
LG(E) such that J(t) is intrinsically defined by the germ of the curve 
J(-) at time t. 

In the case of the Jacobi curve J a (-), we have the splitting of the sym- 
plectic vector space T a T*M: T a T*M = J a (t) © J a (t). In particular the 
subspace J a {0) is the vertical space V a of the bundle ir : T*M — > M and 
the subspace J a (0) is a complimentary subspace to J a (0) = V a at time 
t — 0. Hence, { J a (Q)}a&T*M defines an Ehresmann connection on the 
bundle 7r : T*M — » M. It is shown (see [2]) that this connection defines 
a torsion free connection since J a (0) are Lagrangian subspaces of the 
symplectic vector space T a T*M. However, it is not a linear connection 
in general. In the Riemannian case this is, under the identification of 
the tangent and cotangent spaces by the Riemannian metric, simply 
the Levi-Civita connection (see [2]). 

Using the above splitting we can also define a generalization of the 
Ricci curvature in the Riemannian geometry. Indeed let Ttj a (t) and kjm 
be the projections, corresponding to the splitting T a T*M = J a (t) © 
J a {t), onto the subspaces J a (t) and J a (t), respectively. Let w(-) be 
a path contained in the Jacobi curve J a { 4 ) (i.e. w(t) G J a (t)). Then 
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the projection irj a ^w(t) of its derivative w(t) onto the subspace J a {t) 
depends only on the vector w(t) but not on the curve w(-). Therefore, 
it defines a linear operator $* - : J a (t) — > J a (t) 

'J a -J o> 

$* j (v) = 7Tf i^wit). 

Similarly we can also define another operator <3>* f : J a (t) — > J a (t) 

by switching the role of J and J above. Finally the generalized Ricci 
curvature is defined by negative of the trace of the linear operator 
M o$° : J a (0) - J Q (0). 

Recall that a basis {ei, e n , /i, /„} in a symplectic vector space 
with a symplectic form u is a Darboux basis if it satisfies u(ei,ej) = 
v(fi,fj) = 0, and uj(fi,ej) = 5ij. The canonical splitting S = J(t) © 
J(t) mentioned above is accompanied by a moving Darboux basis 
{ei(i), e n (t), fi(t), f n (t)} of the symplectic vector space £ sat- 
isfying 

J(t) = span{ei(t),...,e n (t)}, J(t) = span{fi(t), . . . ,/„(*)} 
and the structural equations 

3 3 

This is an analog of the Frenet frame of a curve in the Euclidean space. 
The generalized Ricci curvature is given by the trace of the matrix 
— c 3 (0)c 2 (0), where c 2 (0) and c 3 (0) are the matrices with entries c? (0) 
and c 3 (0), respectively. 

The most interesting cases for us are contact subriemannian struc- 
tures on three dimensional manifolds. To define such a structure, let 
A be a distribution of rank two (i.e. A is a vector subbundle of the 
tangent bundle and the dimension of each fibre is two) on a three di- 
mensional manifold M. We assume that A is 2-generating meaning 
that the vector fields contained the distribution A together with their 
Lie brackets span all tangent spaces of M. In other words 

TM = span{X 1 , [X 2 ,X 3 ]\X t e A}. 

The structural equations, in this case, have the following form (see 
appendix 1 for the proof): 

Theorem 3.1. For each fixed a in the manifoldT* M , there is a moving 
Darboux frame 



e 1 (t),e 2 (t),e 3 (t)J 1 (t)J 2 (t)J 3 (t) 
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r ciW 


= AW, 


e 2 (t) 


= e x (t), 




= /»(*), 


< A(0 


= -R\ l 




= -R? 


I Aw 


= 0. 



in the symplectic vector space T a T*M and functions R] , Rf of time 
t such that {ei(t), e 2 (i), e 3 (i)} /orm a fraszs for the Jacobi curve J a (t) 
and it satisfies the following structural equations 



/*(*), 



Moreover, e^{t) = -j=(E—tH), f 3 (t) = —-j=H, and the generalized 
Ricci curvature 9^ic is given by !>Kic = Rq 1 . 

Next we will write down explicit formulas (Theorem l3.2l) for the gen- 
eralized Ricci curvature IHic and the moving Darboux frame ei(t) ,e 2 (t) ,e3(t) , 

fi{t)Mt)Mt) in Theorem O 

Let A be the contact distribution and let H be the Hamiltonian 
corresponding to a given subriemannian metric g on A. Let a be an 
annihilator 1-form of the distribution A. That means a vector v is in 
the distribution A if and only if a(v) = (i.e. kera = A). Since 
A is a contact distribution, a can be chosen in such a way that the 
restriction of its exterior derivative da to the distribution A is the 
volume form with respect to the subriemannian metric g. Let {t>i,t>2} 
be a local orthonormal frame in the distribution A with respect to the 
subriemannian metric g and let vq = e be the Reeb field defined by 
the conditions i e a = 1 and i e da = 0. This defines a convenient frame 
{v ,Vx,v 2 } in the tangent bundle TM and we let {a = a, azi,a 2 } be 
the corresponding dual co-frame in the cotangent bundle T*M (i.e. 
oii(vj) = 5 i:j ). 

The frame {v ,Vi,v 2 } and the co-frame {a ,ai,a 2 } defined above 
induces a frame in the tangent bundle TT*M of the cotangent bundle 
T*M. Indeed, let on be the vector fields on the cotangent bundle T*M 
defined by i&w = —ai. Note that the symbol oti in the definition of a« 
represents the pull back ir*ai of the 1-form a on the manifold M by the 
projection 7r : T*M — > M. This convention of identifying forms in the 
manifold M and its pull back on the cotangent bundle T*M will be used 
for the rest of this paper without mentioning. Let £i and £2 be the 1- 
forms defined by £1 = h\a 2 — h 2 a\ and £ 2 = h\a.\ + h 2 a 2 , respectively, 
and let be the vector fields defined by i^uj = — Finally if we 
let hi : T*M — > R be the Hamiltonian lift of the vector fields t>j, 
defined by hi(a) = a(vi), then the vector fields ho,hi,h 2 ,a,^i,^ 2 define 
a local frame for the tangent bundle TT*M of the cotangent bundle 
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T*M. Under the above notation the subriemannian Hamiltonian is 
given by H = ^((hi) 2 + {h 2 ) 2 ) and the Hamiltonian vector field is 

H = hihi + h 2 h 2 . 

We also need the bracket relations of the vector fields v ,Vi,v 2 . Let 
afj be the functions on the manifold M defined by 

(3.1) [v h vj] = a° t> o + a\jV X + a%v 2 . 
The dual version of the above relation is 

(3.2) dak = _ afijOti A ctj. 

0<«<j<2 

By (13. 2p and the definition of the Reeb field e = Vo, it follows that 
da = dao = a± A a 2 . Therefore, = a® 2 = and a\ 2 — ~ L If 
we also take the exterior derivative of the equation in (13.21) . we get 
a oi + a 02 = 0- Finally we come to the main theorem of this section: 

Theorem 3.2. The Darboux frame ei(t), e 2 (t), e 3 (t), fi(t), f 2 (t), f 3 (t) 
and the invariants R] 1 and R 22 satisfy ej(t) = (e tH )*ei(0) , fi(t) = 
{e tS )*fi{<S), R] 1 = {e tS )*Rl l , R] 1 = {e tS )*R l Q l , and 



/ 2 (0) = ^ff[2Hh - h H - xia + (£a)|*i - a£ 2 ], 
JHic := f^ 1 = h 2 + 2Hk - §|!a, 
^ r := i?22 = R ug ia _ sH^Ha + 3H 2 ^a + ^H 2 a. 

where 

a = dho(H), 

Xo = h 2 h i - h 1 h 02 + fia, 
Xi = h^a + 2H^ia — S,\Ha, 

K = v x a\ 2 - v 2 a\ 2 - (a{ 2 ) 2 - (a 2 2 ) 2 - \{a 2 Q1 - a\ 2 ). 

The rest of this section is devoted to the proof of this theorem. First 
we need a few lemmas. Let : T*M — > M be the Hamiltonian lift 
of the vector field Vj]: hy(a) = a([vi,Vj]). Then the commutator 

relations of the frame {hi, = 1, 2, 3} is given by the following: 
Lemma 3.3. 

[hi, hj] = hij, [hi, dj] } a lk®k, [cti, dj] = 0. 

k 
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Proof. Since the Lie derivative of the symplectic form u along the 
Hamiltonian vector field hi vanishes, 

( 3 - 3 ) = = -d%% u - 

The function id (hi, hj) is equal to h^. Indeed, since u = d9, we have 
9 (h{) = hi. By using Cartan's formula, it follows that 

dhj(hi) = u(hi, hj) = dhj(hi) — dhi(hj) — 9 ([hi, hj]). 

Since dii(hi) = v i: it implies that 9 ([hi, hj}) = hij. Therefore, we have 

(3.4) uj(hi, hj) = -dhi(hj) = h^. 

If we combine this with (13.31) . the first assertion of the lemma follows. 
A calculation similar to the above one shows that 

hhus^ = hii Sj u). 

By Cartan's formula, the above equation becomes 

= ~% n * da j = -n*(i Vt daj). 

The second assertion follows from this and (13.21) . 
If we apply Cartan's formula again, 

HSuS^ = adSjU - isfiiU = —isid^aj) + i$.d(-K*(Xi) 

Since diz(a,i) = 0, it follows that i[s it sAU = 0. Therefore, the third 
holds. □ 

Let (3 = h\dh 2 — h 2 dh\, then we also have the following relations: 

Lemma 3.4. 

dhi(hj) = -h^, ai(hj) = -dhi(dj) = 5 {j , = 0, 

/?(&) = dH&) = 0, /?(£) = dH(£ 2 ) = -2H. 

Proof. The first assertion follows from (I3.4f) and the last two assertions 
follow from dn(hi) = Vi and dn(cti) = 0. A computation using ca(hj) = 
5ij proves the rest of the assertions. □ 

Proof of TheoremlZE If we define E 2 by E 2 (t) = (e tff )*a, then E 2 (t) 
is contained in the Jacobi curve J a (t). Since e\(t) , e 2 (t) , e%(t) span the 
Jacobi curve at time t, 

E 2 (t) = Cl (t) ei (t) + c 2 (t)e 2 (t) + c 3 (t)e 3 (t) 

for some functions c, of time t. 



12 



ANDREI AGRACHEV AND PAUL LEE 



Since H is the subriemannian Hamiltonian, the vectors dir(H(a)) 
are contained in the distribution A for each element a in the cotan- 
gent bundle T*M. Therefore, u{a,H) = -ir*a{H) = 0. Since / 3 = 
-(2H)~ 1 / 2 H, we have 

= cu(a, H) = u(E 2 , H) = -(2H)- 1/2 c 3 (t). 

This shows that c 3 = and so E 2 (t) = ci(t)e\(t) + c 2 (t)e 2 (t). If we 
differentiate this with respect to time t, then we have 

(e tS )*[H, a] = E 2 (t) = c 1 (t)e 1 {t) - Cl {t)h{t) + c 2 (t)e 2 (t) - c 2 (t) ei (t). 

By Cartan's formula, it follows that 

w([H, a], a) = ir*a{[H, a]) = -n*da(H, a) = 0. 

By combining this with the above equation for E 2 and E 2 , we have 
ci = 0. If we differentiate the equation E 2 {t) = c 2 (t)e 2 (t) with respect 
to time t again, we get 

E 2 (t) = c 2 (t)e 2 (t) 

(e tS )*(ad s (a)) = c 2 (t)e 2 (t) + c 2 (t) ei (t) 
(e tS )*(ad 2 s (a)) = c 2 (t)e 2 (t) + 2c 2 {t)e 1 {t) + c 2 {t)f x {t). 

This gives c := l/c 2 (0) = (uj a (ad 2 ^(a), a<i J j((j)))~ 1//2 , and c 2 (t) = 

(e*^)*c 2 (0). Therefore, e 2 (t) = {e tS )*{ca). 

To find out what c is more explicitly, we first compute [H, do] . The 
Lie bracket is a derivation in each of its entries, so 

[H,a ] = [hjix+h^, a ] = -dh 1 (d )hi-dh 2 (d )h 2 +h l [hi, d]+h 2 [h 2 , a]. 
It follows from this, Lemma 13.31 and Lemma 13.41 that 

[H, a ] = hid 2 - h 2 di = £1. 

Next, we want to compute [H,£i\. For this, let 

3 

(3.5) [H, |i] = k d + fci|*i + k 2 £ 2 + ^ cjii 

i=0 

for some functions and fcj. 

To compute Co for instance, we apply «o on both sides of (13. 5p . Using 
Lemma I3T41 and Cartan's formula, we have cq = 0. Similar computation 
gives c\ = —h 2 and c 2 = h\. This shows that 

(3.6) [H, £1] = k a + k^i + k 2 £ 2 + h x h 2 - h 2 h x . 



RICCI CURVATURE FOR CONTACT 3-MANIFOLDS 



13 



By applying dh on both sides of ( 13. 6ft and using Lemma 13.41 again, 
we have k = h 2 hoi — hih 02 + £ia. Similar calculations using f3 and dH 
give 

— * — * — * 

(3.7) [H, £i] = hih 2 - hihx + Xo«o + (6^12)6 - ^126- 

where xo — h 2 h i _ hih 02 + an d a = dh (H). 
It follows that 

c~ 2 = u)(adg(a),adg((j)) = 2H 
and e2(0) = -^cto- It also follows from Theorem 13.21 that 



(3. 



/i(0) = ^[#,S], 
A computation similar to that of (13.71) gives 



(3.9) [H, [H, Ci]] = -2F/i + h H + xi«o + (xa + Xo - + o& 

where xi = h a + 2H^a — £iHa and X2 = ^0^12 + 2.ff£i/ti2 — ^\Hhi 2 . 
It follows from Theorem D dSZTJ) , and ([SID th at 

(3.10) i?5 1 = -Xo-X2- 

Since A(0) = -i^e^O) - / 2 (0), it follows from (13T5]1 . (Oil , and 
( 13~T0|) that 

/ 2 (0) = -^=[2#Kq - fr Q i? - Xiao + (6a)6 - < 2 ]- 
V 2.n 

A long computation using the bracket relations (13 .ip gives 
X2 = -(h ) 2 + 2H[(a\ 2 f + (a\ 2 f - v x a\ 2 + v 2 a\ 2 ] + £a. 

and 

Xo - = ^2 hoi - hi/i 2 + 2^i° = #( a oi - a 02)- 
It follows as claimed that 

Rl 1 = h 2 + 2Hk - |ga. 
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To prove the formula for R 22 , we differentiate the equation fi(t) = 
—R^eiif) — f 2 (t) and combine it with the equation f 2 (t) = — i? 22 e 2 (t). 
We have 

^o 2 e 2 (0) = /i(0) + HR?ei(p) + </i(0). 

Therefore, by applying dh on both sides and using d/i (ei(0)) = 0, 
we get 

R 22 = -Vm[dh Q {U$)) + R^dhoiMO))}. 
By using Cartan's formula and (13.81) . it follows that 

V2Hdh (A(0)) = dhodH,^}) = -£a, 

y/2Hdho{M0)) = dh ([H, [#,£]]) = fiifa - 2H^a, 
and therefore, 

V2H : dh Q = ZH^Ha - 3£^a - £# 2 a. 
The formula for R 2 ? follows from this. 

□ 



4. Measure Contraction Properties 

Measure contraction property is introduced in [25] as one of the gen- 
eralizations of curvature dimension bound to all metric measure spaces. 
In the setting of a subriemannian manifold with a 2-generating distri- 
bution, a simpler definition can be given. To do this, we first recall 
the recent results on the theory of optimal transportation in [5] and 
|10j . Let fi and v be two Borel probability measures on the subrieman- 
nian manifold M with a distribution A and a subriemannian metric 
g. If we let H be the Hamiltonian corresponding to the metric g and 
dec be the corresponding subriemannian distance, then the optimal 
transportation problem is the following minimization problem: 

Find a Borel map (p : M — > M which achieves the following infimum 

(4.1) inf / d,Q C (x, tp(x))dfi(x) 

Jm 

where the infimum is taken over all Borel map ip which pushes /i forward 
to v. <pt*[J> = v (i-e. /i(<^ _1 (f/)) = v(U) for all Borel sets U). 

The minimizers to the above problem are called optimal maps. The 
following theorem is one of the main results in [3] which generalizes the 
earlier work in [3 [18] . 
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Theorem 4.1. Assume that the distribution A is 2-generating and 
the measure \x is absolutely continuous with respect to the Lebesgue 
measure, then the optimal transportation problem has a solution if and 
any optimal map equals to this one ji almost everywhere. Moreover, tp 
is given by <f(x) = n(e 1H (—df x )) for some Lip schitz function f . 

Many important results in the theory of optimal transportation rely 
on the study of the following 1-parameter family of maps called dis- 
placement interpolation introduced by R. McCann (see [27J for the 
history and importance of displacement interpolation): 



If ip i is the optimal map between the measures /x and v, then <p t 
is optimal between /i and (pt*H- All the above results also hold when 
the distance squared cost d 2 is replaced by costs defined by Lagrange's 
problem (see [5], [3] ) . In those cases the subriemannian Hamiltonian H 
in Theorem 14.11 is replaced by more general Hamiltonians. 

If we set, in the displacement interpolation, f(x) = d^ c (x,xo) for 
some given point x on the manifold M, then (pi is the optimal map 
which pushes any measure \x to the delta mass concentrated at a point 
xq. In this case the curves defined by t t— > (p t (x) := n(e tH (— df x )) 
are unique normal geodesies joining the points x and Xq for Lebesgue 
almost all x. 

Let f] be a Borel measure on the manifold M and let (ft be the 
map ipt(x) = n(e tH (— df x )), where f(x) = d,Q C (x,x ). The metric 
measure space (M,dcc,v) satisfies the measure contraction property 
MCP(k, N) if 



for each rj measurable set U and each point xo in the manifold M, 
where 



<p t (x) :=n(e tH (-df x )). 



(e t o^ t )r,(U)< V (cp t (U)) 




if k > 0, 




if k < 



6t = (l-t) 



N 



if k = 0, and 
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Next we specialize to the case where M is a three dimensional man- 
ifold with a contact distribution A and a subriemannian metric g. Let 
dec be the corresponding subriemannian distance function and let R , 
R 22 be the invariants defined as in Theorem 13 .11 Recall that the kernel 
of the map dir : TT*M — > TM defines the vertical bundle V on the 
manifold T*M. Let m be the three form on the manifold T*M such 
that it is zero on the vertical spaces V a and m a (/i(0), /2(C)), /3(C))) = 1 
where {/i(0), /2(C)), /3(C))} is defined as in Theorem 13. II The following 
lemma shows that the Hamiltonian H is unimodular (see Appendix for 
the definition of unimodular). 

Lemma 4.2. Let 77 be a smooth volume form on the manifold M such 
that 77 (e, Vi, f 2 ) = 1, then ix*rj = V2Hm. 

Proof. Clearly, tt*7] is zero on the space V. Therefore, it is enough 
to show that 7r*?7(/i(0), / 2 (0), / 3 (0)) = V2H, and this follows from 
Theorem 13.21 and the definition of 77. □ 

We also use the same notation for the measure corresponding to the 
volume form 77. Recall that 9\ic and r denote the invariants defined in 
Theorem 13.21 If we let U be a subset of the manifold M and we fix a 
point xo in M, then we denote by I(xq, U) all the covectors along all 
geodesies joining from any point in U to the point Xq. More precisely, 
I(xo, U) is the set of all covectors of the form e tH (a x ) contained in T*M, 
where a; is a point in U, t is in [0, 1], and the curve t 1— > 7r(e tH (a x )) is 
a minimizer joining the point x and Xq. Finally we come to the main 
result: 

Theorem 4.3. I/*ffic := R\ l > 2rH and x := Rf > on I{x ,U), 
then 

(4-2) (e t o<p t )rj(U)<rj( Vt (U)), 
where 

(1 — t)(2 — 2 cos T - To sin T ) 



(4-3) G t , T r . T . 

[2 — 2 cos l t — h sin It) 

ifr>0, 

(l-t)(2-2coshT + T sinhT ) 

(4.4) & t =- 



(2 - 2 cosh % + TsinhT) 



ifr < 0, 

(4.5) 6 t = (l-t) 5 
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ifr = 0, and 

%{x) = — . 

Definition 4.4. We say that a metric measure space satisfies the gen- 
eralized measure contraction property MCP(r; 2, 3) if (14.21) holds for 
each ^-measurable set U and each xq in the manifold M. 

The following theorem is an immediate consequence of Theorem 14.31 
and Definition 14.41 

Theorem 4.5. If £Hic > 2rH and x = 0, then the metric measure 
space (M, dec, v) satisfies the generalized measure contraction property 
MCP(r;2,3) . In particular if r > 0, then (M,dcc,v) satisfies the 
measure contraction property MCP(0,5). 

Remark 4.6. It is I. Zelenko's observation that if r is bounded below 
globally, then it is in fact identically zero. 

Remark 4.7. In general, the inequality in Theorem 14.31 is very sensitive 
to the location of the set U and the point xq due to the anisotropy of 
the subriemannian metric. This is an important aspect which will be 
investigated in a further work. 

Remark 4.8. The pair (2, 3) in the generalized measure contraction 
property is the growth vector of the three dimensional contact sub- 
riemannian manifold. The growth vector of the n-dimensional Rie- 
mannian manifold is n. In general the growth vector determines the 
Hausdorff dimension (see Section 2) and this should shape the measure 
contraction property. In this paper we add MCP(r; 2, 3) to the mea- 
sure contraction property MCP{r\ n) found earlier by Sturm. It would 
be very interesting to find appropriate measure contraction properties 
for other growth vectors. We also remark that the ingredients used in 
the proof of Theorem 14.51 are also present in higher dimensions. This 
includes the recent result in [T4"l [15] . a comparison principle of ma- 
trix Riccati equations, and the solvability of matrix Riccati equations 
with constant coefficients. Therefore, the proof works for more general 
subriemannian manifolds without abnormal minimizers. 

As a corollary of Theorem 14.51 we have the following doubling prop- 
erty (see [25]). 

Corollary 4.9. (Doubling) Let B x (r) be the ball of radius r centered 
at x in the space (M,dcc,v)- V ^ c — an d x = 0; then it satisfies 
the following doubling property: 

v(B x (2r)) < 2 5 V (B x (r)). 
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Recall that a Borel function h : M — > R is the upper gradient of a 
function / : M -»• R if 

|/(x(0))-/(x(l))| <i(rr(.)) [ h(x(s))ds 

Jo 

for each curve x(-) of finite length 

The following local Poincare inequality also holds as a corollary of 
Theorem 14 .51 (see the proof of [T7J Theorem 3.1] and [T7J Theorem 2.5]). 

Corollary 4.10. (Local Poincare Inequality) If the manifold M is com- 
pact, 9fac > ; and r = 0, then (M,dcc,v) satisfies the following local 
Poincare inequality 

for some constant C and where (f) Bx{r) = v{B l(r)) Ib x {t) f{x)dr]{x). 

The rest of this section is devoted to the proof of Theorem 14.51 

Proof of Theorem \4-5[ From the main result in [Sj, the function f(x) = 
d(x,Xo) is locally semiconcave on M — {x }. So, by [TQl Theorem 3.5] 
and [TQ1 Section 3.4], the measures <f u rj are absolutely continuous with 
respect to the Lebesgue class. That means ip t *V = PtV f° r some function 
Pt- 

The function f(x) = d(x, xq) is locally semiconcave on M—{xq}, so it 
is twice differentiable almost everywhere by Alexandrov's theorem (see 
for instance [27]). If we denote the differential of the map x t— > — df x by 
J 7 , then dipt = dnde tH J- '. Let ei(t) and fi(t) be the Darboux frame at 
a defined as in Theorem 13.11 and let q = dir(fi(0)). Then the vectors 
{^-"(^i), JF(<^ 2 ), ^-"(^3)} span a linear subspace W of T a T*M. Let e*(t) 
and fi(t) be the Darboux frame at a defined as in Theorem 13.11 then 
JF(^) can be written as 

3 

fc=i 

where v4 4 is the matrix with entries ciy(£), -Bi is the matrix with entries 
hj(t), and E t , and F t are matrices with rows .F(^), e,-(t), and 
respectively. 

It follows from absolute continuity of the measure y^r? and the 
result in [3[ [TO] that the map <ft{x) is injective for 77 almost all x. 
We fix a point z for which the map ipt is injective and the path 
s l— ► y?s(<2) is minimizing. Such a point exists Lebesgue and hence 
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7] almost everywhere. It follows from (TJ Theorem 1.2] that there 
is no conjugate point along the curve s \— > <p s (z). Therefore, the 
map (f s is nonsingular for each s in [0,t] and so p(<p t (z)) ^ for 
each s in [0, t]. Let S t be the matrix defined as in Theorem 17.21 
Recall that S t is defined as follow: the linear space W is transver- 
sal to the space J a (t) = span{ei(t), e n (t)}. Therefore, the lin- 
ear subspace W defined above is the graph of a linear map from the 
space span{fi(t), f n (t)} to the space J a (t) = span{ei(t), e n (t)}. 
Let S t be the corresponding matrix (i.e. the linear map is given by 
fi(t) Si=i St ' e j(t)i where Sf are the entries of the matrix S t ). Fi- 
nally recall that St satisfies St = B^ l A t . 

Using the structural equation (13.11) and Theorem 17.2} we get the 
following. 

Lemma 4.11. The matrices St satisfies the following matrix Riccati 
equation: 

St — Rt + s t c 1 + C^S t — S t C 2 S t = 0, 

/ R] 1 0\ /000\ /100\ 

where R t = Rf , C x = 1 \ and C 2 = . 

\ o ooy \oooy \ooiy 

Ift is sufficiently close to 1, then Sf exists and it is the solution to 
the following initial value problem 

^ r (Sr 1 ) + S^RtSr 1 -dSr 1 - Sr l Cf[ + C 2 = and S7 1 = 0. 
at 

Proof. The matrix Riccati equation follows from ( 13. If) and Theorem 
17.21 To show that S^ 1 = 0, it is enough to show that B\ = 0. If we let 
7 be a path such that 7(0) = q, then <pi(j(s)) = xq. By differentiating 
this equation with respect to s, we get 

dirde 1 - 3 ^) =d<p 1 (q i ) = 0. 

It follows that F{Si) is contained in span{ei(l), e 2 (l), e 3 (l)} and so 
B 1 = 0. □ 

Let us consider the following simpler matrix Ricatti equation: 



(4.6) + s^rA 1 - cA 1 - s^c? + c 2 = o 

I 2rH \ 

together with the condition S^ 1 = 0, where R = I 

\ / 
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Lemma 4.12. Let r t = (1 — t)y/2 \r\ H. If r > 0, then the solution to 
(|^.6]j is given by 





( 


t (sin Tt-T t COS Tt) 


r 2 (l 


-COS Tt) 





\ 








x> 


s t = 




Tq (l-COST t ) 




sin Tt 









£> 




V 






V 










i 

l-t 


J 



where D = 2 — 2 cos r t — r t sin r t . 
If r < 0, then it is 



S t 



/ tq (r t cosh rt - sinh T t ) 

T^COshTt-l) 

w 





T^COshTt-l) 

Tq sinh rt 







1 

l-t 



where T> h = 2 — 2 cosh r t + r t sinh r t . 

Finally ifr = 0, then the solution becomes 



St 



4(1 -tf 6(1 -t) 
6(1 -t) 12 





Proof of Lemma 4- 13 In the case r = 0, there is no quadratic term 
in the matrix Ricatti equation. Therefore, the proof in this case is 
straightforward and will be omitted. 

C\ —C2 
R -Cf 

the corresponding matrix differential equation -^q = Aq together with 
the condition q(l) = I. 

The fundamental solution is given by 



For other values of r, consider the matrix A 



and 



,(t-l)A 



( COS T t 

sinTf 
to 



-r sin r t 











sin Tt 






TO 


1 





COS Tt— 1 











1 











COS Tt 





















1 — COS Tt 

Sin Tt-Tj 
T^ 



sin Tt 
to 

1 









1 
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if r > and it is 



q(t) 



,(t-l)A 



( cosh Tt 

sinh Tt 

to 



r sinh r t 





V 



o 
i 








sinh Tt 

to 

1— cosh Tt 



cosh Tt 





cosh Tt — 1 

Tt-smhrt 



T o 



sinh Tt 
to 
1 






1 - 1 




1 



if r < 0. 

It follows from 



ST 1 



Theorem 1] that 

\ 





sin Tt 


1 — COS Tt 


TO 

cos Tt — 1 
r 2 




. 

sin Tt—Tt 




tan Tt 


COS Tt — 1 


TO 

COS Tt ~ 1 


Tq 2 COS T t 

tan Tt— Tt 


T^ COS T t 


'0 









if r > and 



5; 



sinh Tt 

TO 

1— cosh Tt 



tanh Tt 

TO 

1 — COsh Tj 

Tq cosh Tt 





COsh Tf — 1 

r o 

Tt— sinh Tt 




1— cosh Tt 

Tq COsh Tf 

Tt— tanh Tt 
~3 











1 





if r < 0. 

Therefore, inverting the above matrix gives the result. 




coshn sishiL 

1 TQ 





1 



□ 



It follows from the assumption on the set U that R] 1 > 2rH and 
> 0. Therefore, by comparison theorem of the matrix Riccati 
equation (see (TTj Theorem 2.1]), we have S^ 1 > S^ 1 > for t close 
enough to 1. Here A > B means that A — B is nonnegative definite. 
By monotonicity (see [HI Proposition V.1.6]), < St < St for t close 
enough to 1. If we apply the same comparison principle to S t and S t , 
then < St < St for all t in [0, 1]. Therefore, 



/ 1 \ / 1 \ 

(4.7) tr(s t \ )>tr(^ 

V \ 1 / J V \ 1 J 
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If r = 0, then 



st 1 + sf 



1-t 



If r > 0, then 



Si 1 + §** 



T (smT t - T t COSTf) 1 



2 — 2 cos rt — Tt sin r t 1 — t 



If r < 0, then 



£u + £33 = r (T f cosh n -sinhn) 1 
2 — 2 cosh r t + r t sinh r t 1 — t 



If we integrate the above equations, we get 
(4.8) 
if r = 



(4.9) 



+ S?)ds = -lo. 



Sl 1 + S 3 s 3 ds = -log(l-t) 5 . 

(1 — t) (2 — 2 cos — r t sin r t ) 



o 



if r > 0, and 

-t 



(4.10) / (5'i 1 + S'f)d S = -lo, 



o 



(2 — 2 cos t — r sin To) 

(1 — t) (2 — 2 cosh Tf + Tt sinh Tt) 
(2 — 2 cosh t + t sinh t ) 



if r < 0. 

It follows from Theorem 17.21 that 

Pt(<Pt(z)) = eti s ? +s ? da . 
If we combine this with (H77j) . (Oil . (Oil , and fT4TTUD . then 
(1 — t) (2 — 2 cos ^ — T t sin T t ) 



if r > 0, 



if r < 0, and 



(2 — 2 cos r — t sin r ) 

(1 — t) (2 — 2 cosh T t + r 4 sinh Tt) 
(2 — 2 cosh To + To sinh To) 

(i - t) 5 ptMz)) < i 



Pt(<Pt(z)) < 1 



Pt(<Pt(z)) < 1 



if r = 0. 

To complete the proof of the theorem, note that the above inequali- 
ties hold 77-almost everywhere in the set U and T t = (1 — t) ^j2\r\H = 
(1 - t)^/\r\d C c{x ,z) = y/^\dcc{xo,ip t (z)). It follows that 

(6t o (p t ) p t o<f t <l 
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rj- almost everywhere on U. Therefore, 

/ (& t o (p t ) drj = / &td((pt*r))= / &tptdr]< I dr). 
Ju Jmu) Jipt{U) J<pt{u) 

This completes the proof. □ 



5. ISOPERIMETRIC PROBLEMS 

In this section we specialize to the case which model the isoperimetric 
problem or a particle in a constant magnetic field on a Riemannian sur- 
face. More precisely, assume that the vector field e, which is transversal 
to the distribution A, defines a free and proper Lie group G-action (i.e. 
G = S 1 or G = M). Then the quotient N := MjG is again a manifold. 
Assume also that the subriemannian metric g is a metric of bundle type 
(i.e g is invariant under the above action). Under these assumptions 
the subriemannian metric g descends to a Riemannian metric on the 
surface N. In this case Theorem 13.21 and 14.51 simplify to 

Theorem 5.1. 

ei(0) = ^6, 

/i(0) = t=M 2 - h 2 h + 2Ha 2 01 a + (6^12)6 - ^126], 
f 2 (0) = ^[2Hh -h H], 
VKc = h 2 + 2Hk, 
. t = 0. 

where k is the Gauss curvature of the surface N. 

As a consequence the metric measure space (M, dec, v) satisfies the 
generalized measure contraction property MCP(k; 2, 3). In particular, 
it satisfies the measure contraction property MCP(0,5) if k > 0. 

Proof. Since g is a metric of bundle type, the following holds. 

Lemma 5.2. Under the above assumptions, the functions af,- in the 
bracket relation ( Iff. 1)) satisfies 

CIq^ — ^02 — ^01 — ^02 — ^ QiTld 6^q^ — ^02" 

Proof of Lemma If the flow of the vector field e = vq is denoted by 
e te , then the invar iance of the subriemannian metric under the group 
action implies that 

g{{e t yv u {e te Yv ] ) = 5 lv a((e te )^) = 0, i,j = 1,2. 
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By differentiating the above equations with respect to time t, it follows 
that 

a j ([e,v i ])+a i ([e,v j ]) = 0, a([e,Vj]) = 0, i,j = 1,2. 
If we apply the bracket relations (13.11) of the frame ^1,^2,^3, we have 

a oi+ a oj = a j([ e , v i\)+^i([ e , v j\) = 0, a° 0j = a([e,Vj]) = 0, i,j = 1,2. 

□ 

It follows that 

Lemma 5.3. The function h is a constant of motion of the flow e tH . 
i.e. a = dho(H) = 0. 

Proof of Lemma 15.31 This follows from general result in Hamiltonian 
reduction. In this special case this can also be seen as follow. By 
Lemma 13.41 

— » — * — * 

(5.1) dh (H) = dh Q (hihi + h 2 h 2 ) = hih 10 + h 2 h 20 . 
By Lemma 15.21 we also have 

hio — — a o\ho — %ihi — aQ ± h 2 = —a 01 h 2 - 

Similarly h 20 = —a\ 2 h\. The result follows from this, (15. ip . and 
Lemma 15.21 □ 

It follows from Lemma 15.21 and Lemma 15.31 that Xo — ZHa^. It 
remains to show that k is the Gauss curvature of the surface N. By 
Lemma 15.21 k simplifies to 

(5.2) k = v x a\ 2 - v 2 a\ 2 - {a\ 2 f - (a 2 12 ) 2 . 

Let Wi and w 2 be a local orthonormal frame on the surface N. Let 
W\ and w 2 be the horizontal lift of wi and w 2 , respectively. Since w\ 
and w 2 are orthonormal with respect to the subriemannian metric, we 
can set Vi = u3j. It follows from (13.11) that [wi,^] = a\ 2 wi + a\ 2 w 2 . 
Let us denote the covariant derivative on the Riemannian manifold N 
by V. It follows from Koszul formula ([221 Theorem 3.11]) that 

/ 5 3 n VujUi = -a\ 2 v 2 , V V2 v 2 = -al 2 V!, 

V Vl v 2 = a\ 2 vi, V„ 2 ^i = -a\ 2 v 2 . 

Since the covariant derivative V is tensorial in the bottom slot and 
is a derivation in the other slot, it follows from (15.31) that 



= a\ 2 V Vl Vi + a? 2 V„ 2 Wi 
= -[(aJ 2 ) 2 + (a? 2 )> 2 
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and 

[V Wl , Vt, a ]ui = V^fi - V^V^fi 

= -S7 Vl (a\ 2 v 2 ) + W V2 (a\ 2 v 2 ) 

= -(v 1 a 2 l2 )v 2 + [v 2 a\ 2 )v 2 - 2a\ 2 a\ 2 v 1 . 

Therefore, it follows from the above calculation and ( 15.21) that the 
Gauss curvature is given by 

K =< V[ VuV2 ]Vi_ - [V Vl , V V2 \v 1 ,v 2 > 
= -K 2 ) 2 - («? 2 ) 2 + v ia 2 n - v 2 a\ 2 . 

as claimed. □ 

Recall that the Heisenberg group is the Euclidean space R 3 equipped 
with the distribution A = span{t>i = d x — \yd z ,v 2 = d y + \xd z }). Let 
g be the subriemannian metric for which v\ and v 2 is orthonormal and 
let H be the subriemannian Hamiltonian. The vector e which defines 
the action is given by e = [^1,^2] — d z . This defines a M-action and 
the quotient of the manifold M by this action is iV = M/G = M 2 . The 
measure rj is the Lebesgue measure. Therefore, by applying Theorem 
14.51 and Theorem 15. 1\ we recover the following theorem of [12] . 

Theorem 5.4. The Heisenberg group with subriemannian metric de- 
fined above together with the Lebesgue measure satisfies the measure 
contraction property MCP(0, 5). 

Next we look at the Hopf fibration. Let S* 3 be the unit sphere in C 2 . 
The vector field (zi, z 2 ) 1— > (izi, —iz 2 ) defines a circle S 1 action on S 3 . 
The quotient N = M/G is the unit 2-sphere S 2 . The vector fields given 
by (-21,-22) l— ► ( — z 2 ,Zi) and (zx,z 2 ) t— > (iz 2 ,izi) define a distribution of 
rank 2 and a subriemannian metric on S* 3 . 

Theorem 5.5. The 3-sphere S 3 equipped with the above subriemannian 
metric satisfies the generalized measure contraction property MCP(2; 2, 3). 
In particular, it satisfies the measure contraction property MCP(0,5). 



6. Appendix 1: Proof of Theorem 13.11 

According to the main result in [14"l [15] . there exists a family of 
Darboux frame {ei(t) , e 2 (t) , e^it) , fi(t) , f 2 (t) , fs(t)} and functions R 1 ^ 
of time t which satisfy 



2(> 
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(6.1) 



f ei(f) 


= h{t), 






e 2 (t) 


= e 1 (t), 






e 3 (t) 


= fs(t), 






< A(t) 


= -Rfeiit) 


- R?e 3 {t) 






= ~R?e 2 (t) 


-Rfe 3 (t), 






= -Rfex{t) 


- R?e2(t) 


- R?e 3 (t) 



Let S s be the dilation in the fibre direction defined by S s (a) = sa and 



d 



5 s a. By the definition 

8=1 



let E be the Euler field defined by E(a) — iU 

of the Jacobi curve J a (t), the time dependent vector field (e* )*E is 
contained in J a (t). Next we need the following lemma. 

Lemma 6.1. (e tn )*E — E — tH 

Proof of Lemma \6.1[ Using the definitions of the symplectic form uj 
and the Hamiltonian vector field H, we have 

u(d5 s (H(a)),X(sa)) = su(H(a),d5 1/s (X(sa))) = -sdH(d5 l/s (X(sa))). 

Since the Hamiltonian is homogeneous of degree two in the fibre 
direction, the above equation becomes 

u(d6 s (H(a)),X(sa)) = --dH(X(sa)) = ^uj(H(sa),X(sa)). 

It follows that S*H = sH, where S*H is the pullback of the vector field 
H by the map 5 S . By comparing the flow of the above vector fields, we 
have 

e o o s = o s o e 

By differentiating the above equation with respect to s and set s to 1, 
it follows that (e iS )*E = E - tH as claimed. □ 

3 

It follows from Lemma 16.11 that E — tH = Yl a i(t)ei(t) for some 

i=i 

functions a« of time t. If we differentiate with respect to time t twice, 
we get 

2d 1 (t)/ 1 (t) + 2d 2 (t) ei (t) + 2d 3 (t)/ 3 (t) - a l {t){R\ 1 e 1 {t) + i?fe 3 (t)+ 
+/ 2 (t)) + a 2 (t)h(t) - a 3 (t)(i? f 31 ei (t) + Rfe 2 {t) + R?e 3 (t))+ 
+oi(t)ei(*) + a 2 (t)e 2 (t) + a 3 (t)e 3 (t) = 0. 

If we equate the coefficients of the /j's, we get a± = a 2 = d 3 = 0. 
Therefore, E — tH = a 3 e 3 (t) and —H = a 3 f 3 (t) for some constant a 3 
satisfying (a 3 ) 2 = u(a 3 f 3 (t),a 3 e 3 (t)) = dH(E) = 2H. It follows that 

i?31 = ^32 = ^33 = Q> 
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7. Appendix 2: Optimal Transportation and the 
Generalized Curvature 

In this appendix we discuss the relations between optimal trans- 
portation and the generalized curvature invariants. To do this, we first 
recall the displacement interpolation: 

ift(x) = n(e ta (-df x )), 

where if is a Hamiltonian function on the cotangent bundle T*M, H is 
the corresponding Hamiltonian vector field, e tH is its Hamiltonian flow 
and / is a function which is twice differentiable at almost all points 
x. We also assume that the map (pt is, at almost all points x in the 
manifold M, nonsingular for all t in [0, 1). 

We recall that the optimal maps to the optimal transportation prob- 
lem ( 14. ip are of the form given by <p\. Let u be a smooth volume form 
on the manifold M and we denote the corresponding measure by the 
same symbol p. Assume that the measures <pt*P are absolutely con- 
tinuous with respect to the measure p and let p t be the corresponding 
density. In this appendix we describe the changes in the density p t as 
a function of time t using the generalized curvature invariants. This is 
analogous to the Jacobi field calculations in [9j [26] . 

Recall that the vertical bundle V is given by the kernel of the map 
dn : TT*M — > TM and the Jacobi curve J a (t) at a corresponding to 
a Hamiltonian H is defined by 

J a (t) = de- tS (V etS{a) ). 

Let ei (i) , . . . , e n (t) , fx (t) , . .. , f n (t) be a moving Darboux frame which sat- 
isfies 

J aif) = spanfait), ...,e n (t)} 
and assume that the frame satisfies the following structural equations 

(7.1) 

m = E( c iW e .w+4WAW)' /<(*) = E(4W e iW+4-W/iW)- 

3 3 

Let be the matrix with entries equal to the structural constants 
Cij{t). Note that the moving Darboux frame ej(t), fi(t) and the struc- 
tural constants c^(t) depend on the point a in the manifold T*M. Let 
m be the n-form on the manifold T*M which satisfies i ei (o) m — and 
m a (/i(0), /n(0)) = 1. A Hamiltonian H is unimodular with respect 
to a n-form r] on the manifold M if there is a function K : T*M — > R 
which is invariant under the Hamiltonian flow e tH such that 7i*r] = Km. 
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We will also assume that the structural equations are canonical. 
To say precisely what it means, note that if ej(i) is a frame con- 
tained in the Jacobi curve J a (t) at a, then de sH (ei(s + t)) is a frame 
contained in the Jacobi curve J e sSf a \{t) at e sH (a). Therefore, we 
can let ei(t), e n (i), fi(t), f n if) be a moving Darboux frame at a 
satisfying ( 17.11) and we define and fi(t) by ej(t) := de sH ei(s + 
t),fi(t) := de sH fi(s + t). The structural equations are canonical if 
ei(t), e n (t), fi(t), is a moving Darboux frame at e sH (a) sat- 
isfying 

Ut) = 4(i+s)g,(t)+4(t+s)/,(t), = ^+s)e j {t)+t%{t+ 8 )f j {t). 

Let us denote the differential of the map x i— > — d/^ by JF, then 
the map satisfies d(p t = dnde^J 7 . If we let q = d7i(fi(0)), then 
the vectors .F(9l), span a linear subspace W of the symplectic 
vector space T Q T*M. We write ^(q) as a linear combination with 
respect to the moving Darboux frame defined in (17. ip : 

3 

F^i) = ^K(t) ej (t) + or * = + B t F t , 

fc=i 

where A t = (ajj(t)), B t = ipijit)) and E t and Ff are matrices with 
rows Fisi), 6i(t) and fi(t) respectively. 

Lemma 7.1. Assume that the measures (ft*P is absolutely continuous 
with respect to p, the Hamiltonian is unimodular with respect to fi and 
the structural equation is canonical, then the density pt of <pt*P satisfies 

p t (ipt(x)) detB t = 1. 

Proof. Assume that ei(t), e n (t), fi(t), f n (t) is a moving Darboux 
frame at a which satisfies ( 17. ip . Using the definition of and fi, we 
have 

n 
k=l 

Since the structural equations are canonical, it follows that 
m(de s %( ft ),...,rfe^(^)) = det£ s . 

By the definition of the volume form r], the above expression implies 
that 

77(dp fl (0, (kp.kn)) = K{e sli a) det B s = K{a) det B s . 
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Since the function p t is the density of the push forward measure tp t *V 
with respect to the measure /i (i.e. ^ u r\ = ptp), it follows that 

K[a) det B = q n ) = K(a)p s (ip s (x)) det B s . 

Since n(—df x ) = x, Bq is the identity matrix and the proof is complete. 

□ 

By assumption, for almost all points z in the manifold M, the map 
d(<pt)z is nonsingular for all values of time t in [0, 1). It follows that 
the density p(ipt(z)) is nonzero for each such t. Lemma [7.11 shows that 
the corresponding matrix B t is invertible and so the linear space W is 
transversal to the space J a (t) = span{ei(t), e n (t)}. Therefore, W 
is the graph of a linear map from the space span{fi(t), f n (t)} to 
the space J a (t) = span{ei(t), e n (t)}. Let S t be the corresponding 
matrix, (i.e. the linear map is given by fi(t) i— > Y^=i^t e j(t), where 
Si 3 are the entries of the matrix S t .) Finally we come the main theorem 
of the appendix. 

Theorem 7.2. Suppose that the same assumptions as in Lemma \7. 1\ 
hold and assume further that, for almost all z in M, the map d((pt) z 
is nonsingular for all values of time t in [0,1). Then the matrix S t 
satisfies the following matrix Riccati equation 

S t + £ 3 + StU 1 - £ A S t - St<£ 2 S t = 

and the density p t satisfies 

Pt ( Vt (z)) = ef>^ +s ^ ds . 

Lemma 7.3. S t = B^A t . 

Proof. Since fi(t) + J2i=i ^t e j{^) ls 1X1 ^ ne subspace W, F t + S t E t = 
P t ty = PtA t E t + PtB t F t for some matrix P t . By comparing the terms, 
we have PtA t = S t and PtB t — I. □ 



Proof of Theorem \7.S\ By differentiating ^ = B t F t + B t StE t with re- 



spect to time t, we get B^B t F t + F t + B^ x B t S t E t + S t E t + S t E t = 0. 
If we apply the structural equations, then we get 

B^B t + £ 4 + S t t 2 = 0, 
S t + B^B t S t + <t 3 + Std 1 = 0. 

Therefore, S t satisfies the equation 

S t + £ 3 + StC 1 - £ 4 S t - S t <L 2 S t = 0. 



30 



ANDREI AGRACHEV AND PAUL LEE 



Finally let s t = pt(ipt(x)), then we have, by Lemma EH and E3J the 
following: 



We thank Igor Zelenko and Cheng Bo Li for very interesting and 
stimulating discussions. The second author would like to express deep 
gratitude to his supervisor, Boris Khesin, for his continuous support. 
He would like to thank Professor Karl-Theodor Sturm for the fruitful 
discussions. He is also grateful to SISSA for their kind hospitality 
where part of this work is done. 



[1] A. Agrachev: Exponential mappings for contact sub-Riemannian structures. 

J. Dynamical and Control Systems, 2 (1996), 321-358 
[2] A. Agrachev, R. Gamkrelidze: Feedback-invariant optimal control theory 

and differential geometry, I. Regular extremals. J. Dynamical and Control 

Systems, 3 (1997), 343-389 
[3] A. Agrachev, P. Lee: Optimal transport under nonholonomic constraints. 

Transactions of the Amer. Math. Soc, to appear 
[4] A. Agrachev, I. Zelenko: Geometry of Jacobi curves, I, II. J. Dynamical and 

Control Systems, 8 (2002), 93-140, 167-215 
[5] P. Bernard, B. Buffoni: Optimal mass transportation and Mather theory. J. 

Eur. Math. Soc. (JEMS) 9 (2007), no. 1, 85-121 
[6] R. Bhatia: Matrix analysis. Graduate Texts in Mathematics, 169. Springer- 

Verlag, New York, 1997 
[7] Y. Brenier: Polar factorization and monotome rearrangement of vector-valued 

functions, Comm. Pure Appl. Math. 44, 4(1991), 323-351 
[8] Cannarsa, L. Rifford: Semiconcavity results for optimal control problems 

admitting no singular minimizing controls. Ann. Inst. H. Poincare Anal. Non 

Lincaire 25 (2008), no. 4, 773-802 
[9] D. Cordero-Erausquin, R. McCann, M. Schmuckenschlager: A Riemannian 

interpolation inequality a la Borell, Brascamb and Lieb. Invent. Math., 146: 

219-257, 2001. 

[10] A. Figalli, L. Rifford: Mass Transportation on sub-Riemannian Manifolds, 
preprint, 

|http://math.unice.fr/~riffo rd /Papiers_en_ligne /transpSRFigRif .pdf 
[11] G. Freiling, G. Jank, H. Abou-Kandil: Generalized Riccati difference and 

differential equations. Linear Algebra Appl., 241/242, 291-303 (1996) 
[12] N. Juillet: Geometric Inequalities and Generalized Ricci Bounds in the 

Heisenberg Group, to appear in IMRN 
[13] J.J. Levin: On the matrix Riccati equation. Proc. Amer. Math. Soc. 10 1959 




The rest of the theorem follows as claimed. 



□ 



Acknowledgment 



References 



519-524. 



RICCI CURVATURE FOR CONTACT 3-MANIFOLDS 



31 



C.B. Li, I. Zelenko: Differential geometry of curves in Lagrange Grassmanni- 
ans with given Young diagram. arXiv:0708.1100vl 

C.B. Li, I. Zelenko: Parametrized curves in Lagrange Grassmannians, C.R. 
Acad. Sci. Paris, Ser. I, Vol. 345, Issue 11, 647-652 

J. Lott, C. Villani: Ricci curvature for metric-measure spaces via optimal 
transport, Ann. of Math. (2), in press 

J. Lott, c. Villani: Weak curvature conditions and functional inequalities. J. 
Funct. Anal. 245 (2007), no. 1, 311-333 

R. McCann: Polar factorization of maps on Riemannian manifolds. Geom. 
Funct. Anal. 11 (2001) 589-608 

R. Montgomery: A tour of subriemannian geometries, their geodesies and 
applications. Mathematical Surveys and Monographs, 91. American Mathe- 
matical Society, Providence, RI, 2002 

S. Ohta: On the measure contraction property of metric measure spaces. 
Comment. Math. Helv. 82 (2007), no. 4, 805-828 

S. Ohta: Finsler interpolation inequalities, to appear in Calc. Var. Partial 
Differential Equations 

B. O'neill: Semi-Riemannian geometry. With applications to relativity. Pure 
and Applied Mathematics, 103. Academic Press, Inc., New York, 1983. 
F. Otto, C. Villani: Generalization of an inequality by Talagrand and links 
with the logarithmic Sobolev inequality. J. Funct. Anal., 173(2):361-400, 200 
K.T. Sturm: On the geometry of metric measure spaces. Acta Math. 196, 
no.l, 65-131 (2006) 

K.T. Sturm: On the geometry of metric measure spaces II. Acta Math. 196, 
no. 1, 133-177 (2006) 

K.T. Sturm and M.K. von Renesse: Transport inequalities, gradient esti- 
mates, entropy and Ricci curvature, Comm. Pure Appl. Math. 58 (2005), 
923-940 

C. Villani: Optimal Transport: old and new, To appear in Grundlehren der 
mathematischen Wissenschaften. 

E-mail address: agrachev@sissa.it 

International School for Advanced Studies via Beirut 4 - 34014, 
Trieste, Italy and Steklov Mathematical Institute, ul. Gubkina 8, 
Moscow, 119991 Russia 

E-mail address: plee@matli.toronto.edu 



Department of Mathematics, University of Toronto, ON M5S 2E4, 
Canada 



